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■ An enhanced binding of an A^-particle system interacting through a scalar 

, bose field is investigated, where N > 2. It is not assumed that this system has a 

^ I ground state for a zero coupling. It is shown, however, that there exists a ground 

^ ' state for a sufficiently large values of coupling constants. When the coupling 

pi |. constant is sufficiently large, A'^ particles are bound to each other by the scalar 

bose field, and are trapped by external potentials. Basic ideas of the proofs in 
this paper are applications of a weak coupling limit and a modified HVZ theorem. 
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1 Introduction 

In this paper we are concerned with an enhanced binding of an A^-particle system 
interacting with a scalar bose field. Here we assume that N >2 and impose ultraviolet 
cutoffs on the scalar bose field. It may be expected that when particles interact 
with each other through a scalar bose field, a strong coupling enhances the binding of 
this system if forces mediating between each two particles are attractive. We want to 
justify this heuristic consideration for a certain quantum field model, which is so-called 
the Nelson model |15j . 

1.1 The Nelson model 

We begin with giving the definition of the Nelson model. In this paper we denote 
the scalar product and the norm on a Hilbert space JC by {f,g)K. and WfWic, respec- 
tively. Here {f,g)ic is linear in g and antilinear in /. Unless confusions arise, we 
omit the suffix /C. Let be the Boson Fock space over L^(]R'^) defined by JF := 
0^o[®"-^^(^'^)]' where ®^L^(]R'^) denotes the n-fold symmetric tensor product of 
L^jlR'^) with (8)°L2(M'^) := C. Vector ^ E is written as * = {^(")}^=o with 
^(n) e ®^L2(M'^). The Fock vacuum Q e is defined by Q := {1,0,0,...}. a(/) 
and a*{f), f G L'^iW^), denote the annihilation operator and the creation operator in 
J^, respectively, which are defined by 

(a(/)^)(")(A;i,...,fc„) ■.= V^ [ fik)¥''+'\k,h,...,K)dk, n = 0,1,2,... 

with 

oo 
n=0 

and := (a(/))*. They satisfy canonical commutation relations: 

[a{f),a*{g)] = (f^g), [a{f),a{g)] = = [a*{f),a*{g)], 
on JFq := {\I' G J-']'^^"'^ = for all n > uq with some uq}. We informally write as 

a{f) = f a{k)fik)dk, a*{f) = f a*{k)f{k)dk. 

The Nelson Hamiltonian if is a self-adjoint operator acting on the Hilbert space 

n := L\R'^^)®T, 

which is defined by 

H := Ho + Hi, 

Ho:= Hp0l + 1® Hi. 
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Here Hp is the A^-particle Hamiltonian defined by 

N 



j=l V J / 



where mj is the mass of the j-th particle. Hf is the free Hamiltonian of given by 

oo / n 

iff := ( y^ l®---®^cl> ^---^ 

n=0 \j=l n 

with the dispersion relation uj{k) := which is informally written as 

Hf= [ uo{k)a*{k)a{k)dk. 

Note that 

{Hi^Y^\k,, ...,kn) = (ooiki) + ■■■ + u;{kn))¥''\ku ...,kn), n > 1, 
HiVL = 0. 

It is well known that a{Hf) = [0, oo), crp{Hf) = {0}, where (j{K) (resp. ap{K)) denotes 
the spectrum (resp. point spectrum) of K. Notation a^ssiK) (resp. crdisc(-^)) denotes 
the essential spectrum (resp. discrete spectrum) of K. We identify as 



n = / j^dx 



where J^^n ■ ■ ■ dx denotes a constant fiber direct integral [TH] and x = {xi, . . . ,xn) G 
M*^^ the position of particles. Finally Hi denotes the interaction between particles 
and the scalar field given by 

N 



Hi:=y^aj / (j)j{xj)dx, 



where a^'s are real coupling constants and the scalar field (t)j{x) is given by 

(t)j{x) / {a*{k)\j{-k)e~'^'' + a{k)\j{k)e'^'')dk, 

v2 iiRd 

where Aj's are ultraviolet cutoff functions. Note that 

N 

{Hi^){x) = ^aj-0j(x)^(x), a.e.x G M'^^, 



4 



Enhanced binding 



with 

N „ 

D{Hi) =1^ en ^(x) e nf=iD(0,(x)) and y / ||(/>j(x)^(x)||^rfx < oo]. 

Ground states of H are defined by eigenvectors associated with eigenvalue infa{H). We 
want to show the existence of ground states of H. Generally infcT(if) is the bottom of 
the essential spectrum of H. Although this makes troublesome to show the existence of 
ground states, it has been shown for various models in quantum field theory by many 
authors, e.g., [H], where one fundamental assumption is that Hp has a ground state. In 
this paper we do not assume the existence of ground states of Hp, which implies the 
absence of ground state of H with ai = ■ ■ ■ = = 0, and show that H has a ground 
state for sufficiently large values of coupling constants. This phenomena, if it exists, is 
called the enhanced binding. 

1.2 Weak coupling limits 

In our model under consideration, it is seen that the enhanced binding is derived from 
the effective potential V^s which is the sum of potentials between two particles. The 
effective potential can be derived from a weak coupling limit El ^1 ^] , which is one 
of a key ingredient of this paper. Let us introduce a scaling. We define 

H{k) = Hp(g)l + K^l(g) H{ + kHi, 

where k > is a scaling parameter. We shall outline a weak coupling limit in a heuristic 
level. Let C := C([0, oo); M"^^). It can be seen that 

(/®fi,e-^^('^)(7®fi) = / JiXojg{Xt)e-^<^^^''^^'''e^''dP''dx, (1.1) 

where X. = (Xi,., ...,Xn^.) G C, dP'', x G R'^^ , denotes the Wiener measure on C with 
P^(Xo = x) = 1, 

N 

and 

1 ^ r'^ r'^ r 

W,:=-\2 aia, / ds dt X,{-k)Xj{k)K^e-'''\'-'^''^''^e-"'<^^''-^^-'^dk. (1.2) 

4 r~^, Jo Jo JRd 



Informally taking k ^ cxo in (jl.2j) . we see that the diagonal part of ds dt survives 
and the off diagonal part is dumped by factor 

K^e " I' ^\'^^^> = 6(s - t)—r^. 

uj{k) u}[k) 
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Thus we have 

N 



W.-]y2 [ ds [ Mz^lM^e-^^ (^--^-)dfc (1.3) 
4,^, Jo Jw^ ^(k) 



for a sufficiently large k. Combining the right-hand side of p.Hj) with V{Xs)ds in 
fll.l|) . we can derive the Feynman-Kac type path integral: 

lim(irH)=/" J{Xo}giXt)e^'f^^^^^^^+^^«^^^^+^^^'dP''dx, (1.4) 



where 

AT 



Kfr(x) := Kfr(xi,...,xO := -7 / ^.(fe) (I.5) 

4 ^ V w(^) 

and 

Note that when suppAj fl suppA-,- = 0, z 7^ j, the effective potential Ves vanishes. 
Heuristic arguments mentioned above can be operator theoretically established. Let 

\f 1 \ 



Proposition 1.1 It follows that 

s-lime-*^('^) = e-*(-^^ff+^) ® Pn, 

re— »oo 

where Pq denotes the projection onto the Fock vacuum. 

See e.g., [TT1[T2] for details. Intuitively Proposition 11.11 suggests that H{i%) ~ Hcs + G 
for a sufficiently large k. Then if i^efr has a ground state, i?(/t) also may have a ground 
state. This is actually proved by checking binding conditions introduced by [Hj under 
the assumption that Hes has a ground state. This is an idea in this paper. 

Remark 1.2 Probabilistically through a weak coupling limit, one can derive a Markov 
process from a non Markov process. The family of measures fi^, k, > 0, on C is given 
by 

The double integral in 111.6]} breaks a Markov property of {Xs)s>o and 



Tf,,s ■ f I — > J fiXs)fi^,{dX), K < 00, 



does not define a semigroup on L'^(W^^). The Markov property revives, however, as 
K — i> 00, and we have T^o^s = e~^'^^''^^'^\ 
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1.3 Effective Hamiltonians and enhanced bindings 

Typical example of V^s is a three dimensional A^-body smeared Coulomb potential: 

1 ^ aa- 

Ves{Xi,...,XN) = -^y^l Xj\), 

Sir ^-^ \Xi — Xj\ 

where cc7(|x|) > holds for a sufficiently small See (j3.1|) . For this case it is 
determined by signs of ai, ...,aAr whether Vcs is attractive or repulsive for sufficiently 
small \xi — Xj\. We can see from ()1.5|) that an identical sign of coupling constants and 
suppAj n suppAj 7^ 0, i 7^ j, derive attractive effective potentials and enhances binding 
of the system. Notice that although in the case of = 1 the enhanced binding in 
the Pauli-Fierz Hamiltonian occurs E] , the effective potential (jl.5|) disappears 
and then no enhanced binding in the Nelson model. This is a remarkable discrepancy 
between a nonrelativistic quantum electrodynamics and the Nelson model. 

It is shown in e.g., [71^21^3 that the Nelson Hamiltonian with no infrared cutoff, 
X/uj ^ L^(M'^), has no ground state. So we do not discuss the infrared problem and 
assume that A/cj G L'^iW^). Moreover since we take the Boltzmann statistics for 
particles, it is established in [2] that the ground state is unique if it exists. Then we 
concentrate our discussion to showing the existence of a ground state of H. Systems 
including the Fermi statistics will be discussed somewhere. We unitarily transform 
H{k) to a self-adjoint operator of the form 

H^s®l + ^^'^l®H^ + H'{K). (1.7) 

See Proposition 12.41 It is checked that under some condition ifefr has a ground state for 
a/s with < < \aj\, j = 1, . . . , N , for some Oc, which suggests that for a sufficiently 
large k, H{k) also has a ground state for aj with ac < \oij\ < Cic{,K), j = 1, ■■■,N, for 
some ac(K). Note that we do not assume the existence of ground states of Hp, namely 
H{k) with ai = ■ ■ ■ = ajv = may have no ground state. We show the existence of a 
ground state by checking the binding condition [H] in Proposition 12.51 for p.7|) . 

If there is no interaction between particles, the j'-th particle is influenced only by 
the potential Vj. In this shallow external potential Ylj=i '^^^ ^'^^ trap these 

particles. But if these particles attractively interact through an effective potential 
derived from a scalar bose fleld, particles close up and behave just like as one particle 
with mass Y^f^i'mj- This one particle may feel the force — Y2f=i'^ xjVj . If N is large 
enough, this one particle feels XljLi strongly, and flnally it will be trapped. In 
Section 3, we will justify this intuition. 

This paper is organized as follows. In Section 2 the Nelson model and its scaled 
one is introduced and show the main results. The proof of the main theorem is also 
given. Section 3 is devoted to giving examples of Vgg and V^'s. Finally in Appendix 
A we show some fundamental facts on approximation of the bottom of the essential 
spectrum of Schrodinger operators. 



Enhanced binding 



7 



2 The main results and its proof 

2.1 Statements and results 

Throughout this paper we assume (L) below: 

(L) For all j = 1, A^, (i),(ii),(iii) and (iv) are fulfilled. 

(i) Xj{-k) = Xj{k) and Xj e L2(M'^), Xj/^/^J G L^R'^). 

(ii) There exists an open set S* C M'^ such that S = supp Xj and Xj G C^{S). 

(iii) For all R> 0, Sr := {k G 5*11^1 < R} has a cone property. 

(iv) For all p G [1, 2) and all R>0, | VfcA^ I G LP{Sn)- 

Remark 2.1 (i) in (L) guarantees that Hi is a symmetric operator. In the proof of 
Proposition \2. 5\ below, (ii)-(iv) in (L) are used. In order to show the existence of 
a ground state, we applied a method invented in Precisely, we used the photon 
derivative hound and the Rellich-Kondrachov theorem. The conditions (ii)-(iv) are 
required to verify these procedures. See fTJ^ for details. In fTJ^ the dimension of the 
particle space equals three, but one can justify Proposition \2. ^ in the dN -dimensional 
case. 

Let D{K) denote the domain of K. It is well known and easily proved that H 
is self-adjoint on D{H) := D{Hp ® 1) H D{1 ® H{) and bounded from below for an 
arbitrary aj G M, j = 1, A^, by the Kato-Rellich theorem with the inequality 

ll^i^ll < ell^o^ll + feell^ll, * e D{Ho), 

for an arbitrary e > 0. It is also true that II{k,) is self-adjoint on D{H) for all k > 0. 
Assumptions (VI) and (V2) are introduced: 

(VI) There exists > such that infcr(i/cfr) G crdisc(-f^cfr) for aj with \aj\ > ac, 
j = l,...,N. 

(V2) Vj{-A + l)-\ j = 1,...,N, are compact. 
The main theorem is stated below. 

Theorem 2.2 Let Xj/u G L'^{R'^), j = l,...,N, and assume (L),(V1) and (V2). Fix 
a sufficiently large k > 0. Then for aj with ac < < «c(k)j j = 1, H{n) has 

a ground state, where ac(/t) is a constant hut possihly infinity. 
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The scaling parameter k in Theorem 12.21 can be regarded as a dummy and absorbed 
into mj's, V^'s and X/s. Let k, be sufficiently large. Define 

^ / 1 \ ^ 

where = m^K^, V^- = Vj/k^ and </)j is defined by 0j with replaced by Xj/n. 

Corollary 2.3 LetXj/u G L2(M'='), j = 1, ...,iV, anc? assnme (L),(V1) and (V2). Then 
H has a ground state for Uc < \aj\ < ac{fi), j = 1, N. 

Proof: We have k~'^H[k) = H. Then by Theorem 12. 2t H has a ground state. QED 
2.2 Proof of Theorem \I7Ii 

Let Xj/uj G L^(]R'^), j = 1, A^, and define the unitary operator T on 7i by 

T:=exp ^-^Xl^^j j ' 

/■e 

where t^j '■= / 7ij{xj)dx with 

Proposition 2.4 T maj)s D{H) onto itself and 
T-^H{k)T 

= 2^ I ^ {-iVj ® 1 - +Vj®l- ^||Aj/v47f I + ® i/f + l/cff ® 1 

i=i I "^i ^ J 

where ■= / (j)j{xj)dx with 
and 

'la,;,, - , , 1 a, ~„ a, ^ 
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Proof: It is a fundamental identity. We omit the proof. QED 
Let us set Cn '■= {1, N}. For P C Cn, we define 



jG/3 



0, |/3| = 0,1, 



Simply we set i/^ := H^{Cn). = H{k) - Ef=i"|ll\HV4 has ground states if 
and only if H{hi) does, since X^jLi II -^j 11^/4 is a fixed number. In what follows our 
investigation is focused on showing the existence of ground state of . The operators 
H^{P) and H^{P) are self-adjoint operators acting on L^(]R"'I^I) JF. We set 

E^{k) := inf a{H^), E^{k,P) := inf a (iJ^ (/?)), 

:= inf E^(/€,0) := 0. 

The lowest two cluster threshold {k) is defined by 

TXi^K) ■= mm{E^{K, f3) + E\k, P') |/? C Cn}. 

To establish the existence of ground state of H{k), we use the next proposition: 

Proposition 2.5 ([8]) Let - E^{k) > 0. Then H{k) has a ground state. 

For P C Cat, we set 

S%/3) := inf := inf (/?)), 

where /i°(0) := and /i^(0) := 0. Furthermore we simply put 

■= h^{CN) = H^a, := mia{h^). (2.1) 

We define the lowest two cluster threshold for by 

:= mm{S''{P)+S'm\P C c^} (2.2) 

and we set 



4 V ^(^) 
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Lemma 2.6 Potentials VcSij, i,j = 1, are relatively compact with respect to the 

d- dimensional Laplacian. 

Proof: Since XiXj/u G L^(]R'^), i,j = 1, A^, we can see that VeSijix) is continuous in 
X and \im\x\^ooVcs = by the Riemann-Lebesgue theorem. In particular VcSij is 
relatively compact with respect to the (i-dimensional Laplacian. QED 

We want to estimate inf(Tess(-f^efr)- For Hamiltonians with the center of mass motion 
removed, the bottom of the essential spectrum is estimated by HVZ theorem. By 
extending the IMS localization argument to a quantum field model, in jH] the lowest 
two cluster threshold of a Hamiltonian interacting with a quantized field (the Pauli- 
Fierz model) is shown. The following lemma is a simplified version of jS], since no 
interaction with a quantized radiation field exists. For a self consistency of this paper 
we give an outline of a proof. 

Lemma 2.7 Assume (V2). Then aessiH^s) = [S^,oo). 

Proof: We may assume that l^,Kfrjj ^ C^(]R'^) by Proposition IA.3I Then there 
exists a normalized sequence {gn}n C C^{R'^^) such that supp(7„ C {x G M.'^'^\Vi{x) = 
0,VeSij{xi -Xj) = 0,i,j = l,...,iV} and {gn, {(3)gn) = {gn,Y.j^pi.-^/'^'^j)9n) 
as n ^ oo. Then we have 

£^{(3)+£^{l3^) <Q. (2.3) 

Let ~jp G C°°{R'^), /3 G Cat, be a Ruelle-Simon partition of unity [H Definition 3.4], 
which satisfy (i)-(v) below: 

(ii) ip{Cx) = jfsix) for |x| = 1, C > 1 and P 7^ Cn, 

(iii) supp j/3 C {a; G min {\xi — Xj\, \xj\} > c\x\} for some c > 0, 

(iv) jpi^x) = for |x| < I and P 7^ Cn, 

(v) Jcn -h^-s a compact support. 

For a constant i? > we put j/six) := jpi^x/R). Note that for each P C C^, 

H,s = h^{P) ® 1 + 1 ® h\p') + 5^ 1 ® Vi{xi) + ^ V,^i^{xi - Xj) . 



By the IMS localization formula |3J Theorem 3.2 and p. 34], we have 

Here we identify as L'^{W^^) ^ ^^(M^l/^l) ® L'^{W^\I^'\). Since Jc^(E7=i '^i + '^es) and 
E/jCcat -^,3-^/3 relatively compact with respect to the ciiV-dimensional Laplacian by 
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the property (iii) and (v), it is seen that 

O'ess(-f^efr) 



cress [jcA-l E ^•)^'^- + E ® 1 + 1 ® h'^m] i^^'/^i' I 



We have 



By (ii) and (v), 

C 

< 



2 



i?2 

with some constant C independent of R. Hence we obtain that 



inf ae..(iJeff) > min ^ + ^'m)3p{^? " " " 

for all i? > 0. Here we used (i) and (j2.3p . Thus o"ess(-f^efr) C [S^, oo) follows. Next we 
shall prove the reverse inclusion cress(-f^efr) ^ [S^,cxd). Fix j3 ^ Cat. Let C 
C^(]R'^'^') be a minimizing sequence of h^{(3) so that 



n— >oo 

and C C^(M'^I^'I) a normalized sequence such that 

hm \\{h'{f3^)-S%(3^)-K)tlj'J=0, (2.4) 



where > is a constant. Note that since a{hP{l3'^)) = [S^ {P'^) , oo) , ipn such as 
()2.4|) exists. By the translation invariance of for any function r. : N ^ M'^ the 

translated sequence ipni^ji ~ Tn, • • • !^j|^c| — Tn) also satisfies ()2.4|1 . Let > be a 
constant satisfying 

supp^^ c {x = {xj„--- eM'^l^'llxjJ <Rn, J^e p,i = l,...,\p\}. 
We take r such that 



SUPP ^Pni- -Tn,--- , " - T", 
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We set -^n{xi ■■■Xn) = ipni^h ■ ® i^ni^ki " Tn " " " Xfc|^,| - T,,) G /.^(IR'^^). Then, 

for all i,j with i & (3, j & we have 

||V;frjj(a;i - Xj)'^n\\ < sup |V;fr.y(x)| 0, (n ^ cx)), 
II V^-(xj)\i/„|| < sup |^-(a^)| ^0, (n — > oo). 

xeR''-,\x\>R„+n 

Hence, by a triangle inequality, we have that 

Therefore [S^{(3) + + /sT, oo) C a{H^s). Since /3 ^ and K > are arbitrary, 

[S^, oo) C o"css(-f^efr) follows. Thus the proof is complete. QED 

We define 

Ap(ai, ...,aN) ■■= - S^. 

Corollary 2.8 Assume (VI) and (V.2). Then Ap(Q!i, oat) > follows for aj with 
\aj\ > ac, j = 1, ...,iV. 

Proof: Since infcress(-f^efT) = 2^ by Lemma 1^71 and mfa{Hcs) G o"disc(-f^cfr) by (VI), the 
corollary follows from Ap{ai, a^) = infcress(-f^efr) — infcr(ifefr) > 0. QED 

Lemma 2.9 For an arbitrary k > 0, it follows that S^(k) > S^. 

Proof: It is well known that {(3) can be realized as a self-adjoint operator on a 
Hilbert space Tiq = L^(]RI^I"') ® L'^{Q,dn) with some measure space (Q,/i), which is 
called a Schrodinger representation. It is established that 

(^^e-tH^(/3)$)^^ < (|^|,e-*('^''(^)^i+'^'i^^*)|$|)H^. 

Hence for any l3 C C^, it follows that infa{h^{/3) ® 1 + kH ® Hf) < mfa{H^{l3)). 
Since mia{H{) = and mia{h^{P) ® 1 + k^I ® iff) = infcr(/i^(/5)), the lemma follows 
from the definition of lowest two cluster thresholds. QED 

Lemma 2.10 Assume (VI). Then E{k) < S"^ + k"^ Y!j=i "i ll^ill V(4"^j) for aj with 
\aj\ > Oc, j = 1, ..■,N. 

Proof: By (VI), i^efr has a normalized ground state u for with |aj | > j = 1, N. 
Set ^' := M (g) fi. Then 



N N 2 




^-^ 4m,- 
j=i J 
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Then the lemma follows. QED 

Proof of Theorem l^.^ 
By Lemmas 12 . 91 and 12 . 1 01 we have 

N 2 N 2 

Note that Ap{ai, oat) > is continuous in ai, oat. Then for a sufficiently large k, 
we can obtain that there exists adu) > ac such that for Oc < < Q!c(«^), j = 1, N, 
— E{k) > 0. Thus H{k) has a ground state for such a^-'s by Proposition 12.51 

QED 



3 Examples 

3.1 Example of effective potentials 

The typical example of ultraviolet cutoff function is of the form Xj = pj/y/uj, j G 
Cat, with rotation invariant nonnegative functions pj. In this case Vcs{xi, ...,xiy) = 
'^i^j o:iajVeGij{xi — Xj) satisfies that (1) VcSij is continuous, (2) \im\x\^oo Vij{x) = 
and (3) VeSij{0) < VeSij{x) for all x eM.'^ but x 0. More explicitly effective potential 
Kff is given by 

= "iZ^^^^^' u _^ |(d^i)/2 / -—^Pi{r)Pj{r)yr\x,-x,\J^d~2)/2{r\x\)dr. 

^ ... U^i •^il Jo ' 

Here is the Bessel function: 

?i=0 

where F denotes the Gamma function. In the case of d = 3, and 

{0 \k\ < K, 

l/v/(27r)3 K < |A;| < A, 

|A;|>A, 

we see that 
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3.2 Example of F/s 

We give an example of Vi, ■ ■ ■ , Vjv satisfying assumption (VI). Assume simply that 
Vi = ■ ■ ■ = V]\f = V , ai = ■ ■ ■ = a]\f = a, Ai = ■ ■ ■ = Aat = A and rrii = ■ ■ ■ = niN = m. 
Then Kffjj = W for all i j. Let 

^ / 1 \ ^ 

which acts on L'^{R'^^). We assume (W1)-(W3) below: 

(Wl) V is relatively compact with respect to the rf-dimensional Laplacian A, and 
a{-{A/2m) + V) = [0,oo). 

(W2) W satisfies that -oo < 1^(0) = ess. inf W{x) < ess. inf W{x) for all e > 0. 
(W3) infc7(-(A/(2A^m) + NV) G adisc(-(A/(2A^m) + NV). 

Remark 3.1 Note that examples of Vcs given in subsection \S. 1\ satisfies (W2). The 
condition (Wl) means that the external potential V is shallow and the non-interacting 
Hamiltonian /i^(0) has no negative energy hound state. 

When = 0, (Wl) implies that each particle independently behaves and is not 
trapped. When W 0, W closes up particles and they behave as one particle with 
mass Nm. The one particle may feel the force — A^V^ and be trapped by NV. The 
following theorem justifies this heuristic argument. 

Theorem 3.2 Assume (W1)-(W3). Then, there exists ac > such that for all a with 
\a\ > ac, mia{h^{a)) G crdisc(^^(Q!)). 

To prove Theorem K12l we need several lemmas. For /5 C Cn, we define 

h'{a,(3) := -l-J2A,+a' ^ W{xj - Xi), /i^(a,/3) := /i°(a, /3) + ^ ^(x,), 

ie/3 j,ief3 jei3 

£°(a, (3) := inf a(/i°(a, /?)), £^{a, f3) := inf a{h^{a, /?)), 

where £^^(a,0) := and £^°(a;,0) := 0. Simply we set £^{a,CN) = ^^(«) and 
S^{a, Cn) = S^{a). Let H^(a) denote the lowest two cluster threshold of h^{a) defined 
by (j2.2j) . Then by (Wl) and Lemma f2. 71 we have 

aess(/^''(«)) = [S^(«),00). (3.2) 
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Lemma 3.3 Let j3 ^ Cn but /9 7^ 0. Then there exists a' > such that, for all a with 
\a\ > a', 

S°{a) <S^{a,^)+S^{a,p''). (3.3) 
Proof: Since h'^ {a , (3) / a'^ and {a, P)/a'^ converge to J2j leis^i^j^^i) ^^e uniform 
resolvent sense, by (W2), one can show that 



Hence 



a— >oo a 



a— >oo a 



- 1)W{0). 



N{N-1)W{0), 



{N{N-l) + 2\(3m-N)}W{0). 



Since - iV) < -1 and W{0) < by (W2), we see that there exists a' > such 

that ()3.3|) holds for all a with |a| > a'. QED 

Let X = {xi, xjyY G M'^^ and Y := {xc, yi, . . . , Un-iY be its Jacobi coordinates: 

N 



Xn 



N ^ 



1 ^ 



Xi, j = 1, - 1. 



Let T e GL(iV, M) be such that Y = TX. Note that 







1 


1 


1 


Af 


N 


N 


-1 


1 





1 


1 


1 


2 


2 




1 


1 


1 


3 


3 


3 


1 


1 


1 






N~ 


1 


1 


1 







1 

2 





2 
3 




f ! 



_ J_ 

_ J_ 

N 
_ J_ 

TV 








_J_ 

N-1 N 

^ 



N 
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T induces the unitary operator U : L^(Rj^) ^^(M^^) defined by := 
ipiT-^Y). We have 



N , N 



N 

Uh^{a)U~^ = Uh\a)U-^ + ^ V{x,{Y)), 

i=i 

where fij := jm/{j + 1) is a reduced mass and Xj{Y) := (T~^Y)j. Let k{a) be h^{a) 
with the center of mass motion removed: 

N N 
j=l jyz 

Set M^^ = Ri^®Ry[Z'm-i ■= Xc®xi- Since Xj{Y)-Xi{Y), i,j = 1,...,N-1, depend 
only on yi, . . . ,yN~i ^ Xc^ ^i^) ^ self-adjoint operator acting on L^(x^). 

Lemma 3.4 There exists a" > such that mia{k{a)) G o"disc(^(tt)) /or a// a wzi/i 
|a| > a" . 

Proof: Assume that \im\x\^aoW{x) = 0. Let XiX ^ C°°(]R) be such that xi^)'^ + 

(1, Ixl < 1, 
For a parameter R, we set 



B(i(Ar-2) 



:= x{\yi\/R), XRivi) ■■= x{\yi\/R), vi e 

^^(yi) :=x(|>^i|/2i?), ^r(Fi) :=x(|>l|/2i?), Fi := (^2, • • • , l/TV-i) e 
By the IMS locahzation formula, we have 

Ha) = XRSRk{a)eRXR + Xr(^ Rk{a)6 rXr + 

-^XRlV^^r - ixllV^Rp - ilVxRp - \\VXR? ■ (3.4) 



=i?(i?) 

Here B[R) is a bounded operator with 

\\Bm\<^,. 



where C is a constant independent of R. Since X/j^rQ^^ ^ ^lO^)) is 



relatively compact with respect to — X]fLi(2/^j) "^^yp W6 have cTess(^(tt)) = c'"css(^'(«)), 



where 



fc'(a) = Xr^rI - E :^Aj;^)^RXi?^ + XR0Rk{a)9RXB^ + XRKa)XR + B{R). 
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We have 

k'{a) >XrOIE {k{a) - a^W{x2{Y) - x^{Y)) - a^W{x-i{Y) - X2(Y))) (3.5) 

+ xlOW[Wix2iY) - x,iY)) + Wix.iY) - x^iY))] (3.6) 

+ xlE {k{a) - a'Wix.iY) - X2{Y)) - a^Wix^iY) - xi(F))) (3.7) 

+ xWi^iMY) - X2{Y)) + Wix2iY) - x^iY))] (3.8) 

- C/R^. (3.9) 

Note that yi = X2(Y) — Xi(Y) and x^iY) — X2{Y) = 1/2 — yi/2. We have 

\^\<2 sup a^\W{y2 - yi/2)\ < 2a^ sup \W{y)\, 

, ^^'^2 , \y\>3R 
\yi\<2R,\y2\>m 

\ ^ \ < 2 sup a^\W{yi)\. 

\yi\>2R 

Since we assume that \im\x\^ooW{x) = 0, we obtain that hm/j^oo || ()3.6j) || = and 
hm^^oo II ()3.8|) II = 0. Thus, for all i? > we have 



inf aess(k(a)) > inf + (jSHI)] - || El) || - || (EHI) || - C/R 

-- — -'(JV— 1) 



2 



> mm{E{k{a) - a^W^Xi - X2) - a^W{x2 - Xi)), 

E{k{a) - a^W{x2 - x^) - a'^W{x3 - X2))} + o{R), (3.10) 

where lim/j^oo o{R)/R = 0. It is seen that 

hm m-)--'Wix,-^2)-a'W{x2-x,)) ^ ^^^^ _ _ ^^^^^^^ ^^^^^^ 

hm E{kia)-a^Wix2-Xs)-a^Wix,-X2)) ^ ^^^^ _ _ ^^^^^^^ ^3^^^) 

liin :^i^M = N{N - 1)W{0). (3.13) 

By (W2), we have W{0) < 0. Therefore combining ()3.10|) - ()3.13p we see that there 
exists a" > such that inf cress(^(tt)) — iiafa{k{a)) > for |q;| > a". This implies the 

desired result. QED 

Lemma 3.5 Let Ua be a normalized ground state of k{a), where \a\ > a" . Then 
\ua{yi, . . . , yAf-i)P ^iUi) ■ ■ ■ ^{Un-i) as a ^ 00 in the sense of distributions. 

Proof: It suffices to show that for all e > 0, 

lim / \u^{Yo)\^dYo = 0, Yo = {yi,...,yN-i). (3.14) 

°'^°°J\Yo\>e 
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We prove ()3.14|) by a reductive absurdity. Assume that liminf / \uaf{YQ)\'^dYQ > 

J\Yo\>e 

for some constant e > and some sequence {a^}'^^ C M such that ai — > oo{£ oo). 
We can take a subsequence {d^}^^ C {ai}'^^ so that 



7 := hm [ \u&^(Yo)\^dYo > 0. 

'^^°°J\Ya\>e 



\yo\>e 

Since k{a)/a^ > N{N - 1)W{0) and \im^^^ E{k{a)/a'^) = N{N - 1)W{0), we have 

1 ^ 
N{N - 1)W{0) = hm = hm {u&^, V iy(x,(yo) - xKi'o))^^.,) 

> (1 - 7)iV(iV - 1)1^(0) + 7 inf V W{x,{Yo) - xi{Yo)) 

> N{N-1)W{0). 

Thus we have 

AT 

inf y^W{x,{Yo)-xi{Yo)) = N{N-l)W{0). (3.15) 

By (W2) and ()3.15p there exists a sequence = (2;i,„, . . . , 2;(Ar_i),„) G M'^*^^^^) such 
that \Zn\ > e and hm„^oo(a^j(^ri) — xi{Zn)) for j ^ I. By the definition of 
we have 

hm {x2iZ^ - Xi(Z„)) = hm Zx^n = 0, 

n— >oo n— ♦oo 

hm (x3(Z„) - X2{Zn)) = hm (zg.n - ^2i,n) = hm za,^ = 0, 

n— >oo n— >oo / n— >oo 

hm (xAr(Z„) - XAr_i(Z„)) = hm Z7V_i,„ = 0. 
n— >oo n^oo 

This is a contradiction to |Z„| > e > for aU n. QED 

Proof of Theorem iy.^ 
Let Uq, be a ground state of A;(a) = Uh^{a)U~^ . By Proposition IA.31 we may assume 
that V E Let |a| > a". Let v E C^{R'^) be a normahzed vector such that 

(v, (-^Ax. + NVix,))v) < 0. (3.16) 

Such a vector exists by {W3). We set ^'(F) = ^{xc,Yo) := w(xc)Ma(Fo) for Y = 
{xc, Yo) = {x„ 2/1, ... , VN-i) E M'^^. Then 

1 ^ 
(vl>, f//z^(a)f/-ivl/) = -^{v, A^^v) + £\a) + (vl/, V(x,(r))vl/). (3.17) 

i=i 
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We define 




dyi ■ ■ ■ dyN^iV{xj{Y))\ua{yi, . . . ,7/Ar_i)p, j = 1,...,N. 



By Lemma f3.5l we have 



N 



N 



a 



lim 

y—tno ' ^ 



lim 5^(^,V^° 



'smeared^) = {v,NV{Xc)v). 



Therefore, by (nTTT)]) and (nTTTfl . < for |a| > a'" with some a'" > 0. 

By this inequahty, Lemma 13.31 and ()3.2|) . we conclude that for a with |a| > Oc '■= 
max{a', a'"}, E^{a) - S^{a) > S^{a) - S^{a) > 0. Then the theorem follows. QED 

A The bottom of an essential spectrum 

We give a general lemma. 

Lemma A.l Let K^, e > 0, and K he self-adjoint operators on a Hilhert space K, and 
aess{Ke) = [C,e,oo). Supposc that lim^^o-f^e = K in the uniform resolvent sense, and 
lim^^o^e = Then a^ss^K) = oo). In particular lim^^o iiifcess(-f^e) = infcress(-f^)- 

Proof: Let a > ^. Then there exists eg such that for all e with e < eo, < from which 
we have a G ct{K^) for all e < eo. Since uniformly converges to K in the resolvent 
sense, a G (t{K) follows from [THl Theorem VIII.23 and p. 291]. Since a is arbitrary, 
{C,, oo) c <y{K) follows and then oo) C acss{K). It is enough to show info"css(-^') = C 
Let A G [infcrcss(-f^), but A ^ o-{K). Note that for all sufficiently small e, A ^ "^(-^e) 
by Theorem VIII. 24]. Since M \ (j{K) is an open set, there exists 6 > such that 
(A— 5, X+6) (/l cr(-R'). Let PAiT) denote the spectral projection of a self-adjoint operator 
T on a Borel set A C M. We have lim^^o ^(inf<7ess(i^)-5',A)(^e) = P{mia,,,{K)-5',x)iK) 
uniformly by fHJ Theorem VIII.23 (b)]. In particular, for some 6' > 0, 



which implies that P(in{a,,,{K)-5',x){K^)]C is isomorphic to P(infa,,,(/<)-<5',A)(-ft')/C, and then 
P(mia^^4K)-5' ,\)iK)IC is a finite dimensional space, since that of P[mia^^s(K,)^5' ,x)iK))C is 
finite. Thus (infcress(-^) — A) fl o-{K) C crdisc(-f^)- This is a contradiction. Hence we 
have [inf(Tess(-f^), ^(-^)- Suppose that mfacss{K) < ^. Let r > be sufficiently 
small. Note that (inf(Tcss(-f^) — T,infaess{K) +r) C crdisc(-^e) for all sufficiently small e. 
Let e G C^(M) satisfy that 



P{infacssiK)-5',\){Ke) - P{mfacssiK)-5' ,X){K)\\ < 1 




1, \z - infcress(-ft')| < T, 
0, I2; - infcTessWI > 2r. 
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Then we have hme^o^(-^e) = ^(-^) uniformly by Theorem VIII. 20]. Since 9{K^) 
is a finite rank operator for all sufficiently small e, 9{K) has to be a compact operator. 
It contradicts with the fact, however, that the spectrum of 0{K) is continuous. Then 
we can conclude that infcrcss(-f^) = C and the proof is complete. QED 

Let : M'^ — i> M'' be a real measurable function. 

Lemma A. 2 Let A he the d- dimensional Laplacian. Assume that V^(— A + l)"-"^ is 
compact. Then there exists a sequence {V{e)}^^o such that V{e) G C^(]R'^) and 
lim,^o^(e)(-A + 1)"^ = V{-A + 1) uniformly. 

Proof: Generally, let A be a compact operator and {Bn}n bounded operators such that 
s-lim„^oo Bn = 0, then BnA ^ as — cxd in the operator norm. Since A + 
is a compact operator, we obtain that for a sufficiently large R> 0, 

\\il-XB)Vi-A + l)-'\\<e/3, (1.1) 

where xr denotes the characteristic function of {x G ]R"'||x| < R}. Let x^"^ denote 
the characteristic function of {x G ]R'^||V^(x)| < n}. Since (1 — x''"^) ^ strongly as 

77, ^ OO, 

11(1 - X^^^kii^-A + 1)-^|| < 6/3 (1.2) 

for a sufficiently large n. Since C^(supp(x_Rx''"^)) is dense in L^(supp(x/?X*'"'''))! there 
exists a sequence {Vm}m C C^(supp(x/?X^"'')) such that \\Vm - XRx''''^V\\L2(Rd) 
as m oo. Since XiiX*'"^^ has a compact support and is bounded, we obtain that 
S~liui}n_>oo = XRX^'^'y as an operator. Thus for a sufficiently large m, 



\\{Vm - Xi?X^"^^)(-A + 1)-1 < e/3. (1.3) 

By (frT |) -(fO )) we can obtain that for an arbitrary e > 0, ||(^ - Vm){-A + 1)"^|| < e 
for a sufficiently large m. Thus the lemma follows by setting Vm = V{e). QED 

Let (3 cCn- Set 



^°(^) ■■=-11 + E ■= ^°(/^) + E 

ie/3 ^ i,jef3 jei3 

with G i^Ll^'^) and Vij G LL(K'^) such that V^{-A + 1)"^ and Vij{-A + 1)"^ are 
compact operators. We define K := {Cn)- Let 

:= min {inf(T(A;°(/5)) + infa(A;^(/5))} (1.4) 
be the lowest two cluster threshold of K. 
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Proposition A. 3 There exist sequences {V^j}e C C^(M.'^), i,j = 1,...,N, such 

that 

(1) limS^(e) = S^, (2) liminfaess(i^(e)) = mia^K), 

where S^(e) (resp. K{e) ) is (resp. K) with Vi and Vtj replaced by and V^j, 
respectively. 



Proof: By Lemma lA. 21 there exist sequences {V^/}e>0) {^tj}e>o C C^(M.'^), such that 
and 

V^jix^ - Xj){-A, - Aj + 1)-^ ^ Vi,{x, - Xj){-A, - Aj + 

uniformly as e ^ for i,j = 1,...,N. Hence m{a{k^{e)) and inf(j(A;°(e)) converge to 
inf cr(fc^) and mia{k'^) as e — 0, respectively. Then (1) follows from the definition ()1.4j) . 
By this and the uniform convergence of K{e) to K in the resolvent sense, Lemma [A. II 
yields (2). QED 
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